Non-singular vortices with positive mass in 2+1 dimensional Einstein
  gravity with AdS$_3$ and Minkowski background by Edery, Ariel
Non-singular vortices with positive mass in 2+1-dimensional
Einstein gravity with AdS3 and Minkowski background
Ariel Edery∗
Department of Physics and Astronomy, Bishop’s University, 2600 College Street,
Sherbrooke, Que´bec, Canada, J1M 1Z7.
Abstract
In previous work, black hole vortex solutions in Einstein gravity with AdS3 background
were found where the scalar matter profile had a singularity at the origin r = 0. In this
paper, we find numerically static vortex solutions where the scalar and gauge fields have a
non-singular profile under Einstein gravity in an AdS3 background. Vortices with different
winding numbers n, VEV v and cosmological constant Λ are obtained. These vortices have
positive mass and are not BTZ black holes as they have no event horizon. The mass is
determined in two ways: by subtracting the numerical values of two separate asymptotic
metrics and via an integral that is purely over the matter fields. The mass of the vortex
increases as the cosmological constant becomes more negative and this coincides with the
core of the vortex becoming smaller (compressed). We then consider the vortex with gravity
in asymptotically flat spacetime for different values of the coupling α = 1/(16piG). At the
origin, the spacetime has its highest curvature and there is no singularity. It transitions
to an asymptotic conical spacetime with angular deficit that increases significantly as α
decreases. For comparison, we also consider the vortex without gravity in flat spacetime.
For this case, one cannot obtain the mass by the first method (subtracting two metrics)
but remarkably, via a limiting procedure, one can obtain an integral mass formula. In the
absence of gauge fields, there is a well-known logarithmic divergence in the energy of the
vortex. With gravity, we present this divergence in a new light. We show that the metric
acquires a logarithmic term which is the 2 + 1 dimensional realization of the Newtonian
gravitational potential when General Relativity is supplemented with a scalar field. This
opens up novel possibilities which we discuss in the conclusion.
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1 Introduction
Though vortices, non-perturbative topological solutions in 2+1 dimensions, have been studied
for a long time, the study of gravity’s effect on them is somewhat more recent. This is partly
related to the fact that Einstein gravity in 2 + 1 dimensions is trivial in the sense that outside
localized sources the vacuum spacetime is locally flat (though there are global effects [1]).
The BTZ black hole solution [2, 3] in an AdS3 background revived considerable interest in
2 + 1-dimensional Einstein gravity. Here was a black hole with a horizon (if you include
rotation there is an inner and outer horizon), with thermodynamic properties but in contrast
to black holes in 3 + 1 dimensions had no curvature singularity. Later on, black holes with
spherical scalar hair in Einstein gravity in an AdS3 background were studied analytically [4].
Besides a real scalar field, they also considered a complex scalar field with a potential, which
allowed them to construct black hole vortex solutions. The scalar field profile for the vortex
had a singularity at the origin r = 0 and approached zero asymptotically. Though this zero
asymptotic value is not the minimum of the potential it satisfies the Breitenlohner-Freedman
(BF) bound [5] for the AdS3 background (in fact it saturates the BF bound). In particular,
they obtain a compact analytical expression for the black hole mass M in terms of the scalar
charge c and the winding number n: M = λ2 c
2/4 + n2 where λ2 is a parameter appearing
in the potential. More recently, the effect of vortices on the tunneling decay of a symmetry-
breaking false vacuum in 2 + 1 dimensional Einstein gravity was studied [6]. They found that
the tunneling exponent for vortices, the dominant factor in the decay rate, is half that of
Coleman-de Luccia bubbles [7]. In turn this implied that the vortices are short-lived which
rendered them cosmologically significant. There have also been studies of black holes in 2 + 1
dimensions in the theory of BHT massive gravity [8]. Besides black holes in AdS space the
authors find black holes in de Sitter space, regular gravitational solitons and kinks as well as
wormhole solutions.
As already mentioned, for the black hole vortex in an AdS3 background discussed above, the
scalar field was singular at the origin. In our work, we find numerically vortices with non-
singular matter composed of gauge and complex scalar fields under Einstein gravity in an
AdS3 background. These are not black hole solutions as there is no event horizon. We obtain
vortices of positive mass for different cosmological constant Λ, winding number n and VEV v.
We obtain an expression for the mass of the vortex in two different ways: via the subtraction
of the asymptotic values of two metrics and via an integral over the scalar and gauge matter
profiles only. The two must necessarily match providing a strong check on our numerical
results. The integral mass formula can be expressed conveniently as n2v2 multiplied by an
integral over matter profiles that always plateau to unity (we therefore see a connection with
the n2 dependence of the mass obtained in [4] mentioned above). The n2v2 factor is reflected
in our numerical results. We observe that for n = 2 and v = 2 the masses are significantly
larger than their n = 1, v = 1 counterparts. For these two cases, we also find that the metric
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near the core of the vortex departs significantly from its asymptotic “r2” dependence (in other
words, near the origin, it looks nothing like the BTZ black hole metric). We also observe
that the mass of the vortex increases as the cosmological constant becomes more negative and
that this coincides with the vortex becoming more compressed (core smaller). We obtain an
analytical expression for the cosmological constant Λ (assuming Λ 6= 0) in terms of the VEV
v, the coupling constant e between scalar and gauge fields, and a parameter q that describes
how the gauge field plateaus asymptotically to n. The expression for Λ is negative so that
de Sitter vortices, just like de Sitter black holes, do not appear to exist in 2 + 1 dimensional
Einstein gravity (in contrast, the BHT massive gravity [8] mentioned previously supports de
Sitter black holes.) For a given Λ, e and v, we compare the analytical value of q to the one
obtained numerically and they match quite well.
We then consider the vortex with gravity in an asymptotically Minkowski spacetime (zero
cosmological constant) for different values of α = 1/(16piG). The mass formula, labeled Mflat,
is in agreement with the deficit angle expected in an asymptotically flat 2 + 1 dimensional
spacetime [1]. Asymptotically, we obtain a conical spacetime with a given angular deficit.
As one approaches the origin and hence the core of the vortex, the Ricci scalar increases to
its maximum value and there is no singularity. We therefore have a smooth spacetime that
transitions from a region of highest curvature at the origin and near the core of the vortex
to an asymptotically flat conical region with angular deficit. Both the curvature at the origin
and the angular deficit increase significantly as α decreases. In contrast, the mass of the
vortex hardly changes with α. For comparison, we also consider the vortex without gravity
in fixed Minkowski spacetime. For this case, the mass cannot be obtained by the method of
subtracting two asymptotic metrics. However, remarkably, by taking the appropriate limit
of Mflat, we obtain an integral mass formula for it that works perfectly well as it does not
refer to metrics, Newton’s constant or the cosmological constant. Though this integral looks
completely different from the standard energy integral presented in quantum field theory texts,
we show that they are indeed equivalent when the equations of motion are used.
It is well known that in the absence of gauge fields, the standard vortex in fixed Minkowski
spacetime has a logarithmic divergence in the energy [11]. This persists in the presence of
gravity. But with gravity, we can present this divergence in a new light. We show that the
metric acquires asymptotically a term of the form Gm ln(r). This logarithmic term can be
viewed as the 2 + 1 dimensional realization of the Newtonian gravitational potential with mass
m when General Relativity is supplemented with a complex scalar field and symmetry breaking
potential. The parameter m turns out to be proportional to n2v2, the same mass dependence
previously mentioned above. We discuss the implications of this in the conclusion.
Our paper is organized as follows. In section 2 we present the Lagrangian density and obtain
the equations of motion for the vortex. In section 3 we obtain an expression for the ADM
mass in an AdS3 and Minkowski background in terms of the asymptotic metrics. We then
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obtain integral mass formulas over the matter fields for the same backgrounds including the
no gravity case (details are relegated to Appendices A and B). In section 4 we present our
numerical results in a series of plots and tables of values for both the AdS3 and Minkowski
background. We also present some preliminary analytical results. In section 5 we present in a
new light the logarithmic divergence in the absence of gauge fields. Our conclusion summarizes
our results and discusses future novel directions for this work.
2 Lagrangian, ansatz and equations of motion for static vortex
in Einstein gravity with cosmological constant
The Lagrangian density for the vortex coupled to Einstein gravity with cosmological constant
is given by
L = √−g
(
α (R− 2Λ)− 1
4
FµνF
µν − 1
2
(Dµφ)
†(Dµφ)− λ
4
(|φ|2 − v2)2
)
(1)
where R is the Ricci scalar, Λ is the cosmological constant, Fµν is the electromagnetic field
tensor and the covariant derivatives are defined in the usual fashion by
Dµφ = ∂µφ+ ieAµφ . (2)
The constant α is equal to 1/(16piG) where G is Newton’s constant and the constant v is the
non-zero VEV of the scalar field which spontaneously breaks the local U(1) symmetry. We
consider rotationally symmetric static solutions so that the 2+1-dimensional metric has the
form
ds2 = −B(r) dt2 + 1
A(r)
dr2 + r2dθ2 . (3)
We make the following ansatz for the scalar and gauge fields
φ(x) = f(r)einθ and Aj(x) = jkxˆ
k a(r)
er
(4)
where n is the winding number. The magnetic field is given by F21 =
1
er
da
dr
. Substituting the
ansatz (3) and (4) into the Langrangian density we obtain
L =
√
B/Ar
(
α(R− 2Λ)− (λ/4)(f2 − v2)2 − (f
′)2A
2
− (n− a)
2f2
2r2
− A(a
′)2
2e2r2
)
(5)
where a prime denotes derivative with respect to r. In terms of the metric functions A and B
the Ricci scalar is given by
R = −A
′
r
+
(B′)2A
2B2
− B
′′A
B
− A
′B′
2B
− B
′A
rB
. (6)
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The Lagrangian density contains four functions of r: A, B, f and a. Their equations of motion
are respectively
4e2rαAB′ +B
(
e2r2
(
v4λ+ 8αΛ
)
+ 2e2 (n− a)2 f2 − 2e2r2v2λf2
+ e2r2λf4 − 2A ((a′)2 + e2r2(f ′)2) ) = 0 (7)
2e2 (n− a)2 f2 − 2e2r2v2λf2 + e2r2λf4 + e2r (rv4λ+ 8rαΛ + 4αA′)
+ 2A
(
(a′)2 + e2r2(f ′)2
)
= 0 (8)
r2AB′f ′ +B
(
− 2 (n− a)2 f + 2r2v2λf − 2r2λf3
+ r
(
rA′f ′ + 2A
(
f ′ + rf ′′
)) )
= 0 (9)
rAa′B′ +B
(
2e2r(n− a)f2 − 2Aa′ + ra′A′ + 2rAa′′) = 0 . (10)
We can eliminate B by substituting B′/B from equation (7) into equations (9) and (10). The
three final equations of motion that we work with are :
2e2 (n− a)2 f2 − 2e2r2v2λf2 + e2r2λf4 + e2r (rv4λ+ 8rαΛ + 4αA′)
+ 2A
(
(a′)2 + e2r2(f ′)2
)
= 0 (11)
− 2 (n− a)2 f + 2r2v2λf − 2r2λf3 + rf
′
4e2α
(
− e2r2 (v4λ+ 8αΛ)− 2e2 (n− a)2 f2
+ 2e2r2v2λf2 − e2r2λf4 + 2A ((a′)2 + e2r2(f ′)2) )+ r (rA′f ′ + 2A (f ′ + rf ′′)) = 0 (12)
2e2r(n− a)f2 − 2Aa′ + ra′A′ + a
′
4e2α
(
− e2r2 (v4λ+ 8αΛ)
− 2e2 (n− a)2 f2 + 2e2r2v2λf2 − e2r2λf4 + 2A ((a′)2 + e2r2(f ′)2) )+ 2rAa′′ = 0 . (13)
2.1 Vacuum and asymptotic metric
One can solve analytically for the metric in vacuum by setting f = v and a = n identically in
Eq. (11) (this eliminates matter from the Lagrangian density (5)). This yields A′(r) = −2rΛ
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with solution
A0(r) = −Λr2 + C (14)
where the subscript ‘0’ denotes vacuum. The integration constant C determines the initial con-
ditions at r = 0. Besides AdS3 we would also like to study asymptotically Minkowski spacetime
(Λ = 0) so in this work we will set C = 1 (note that this choice also avoids a conical singular-
ity [1, 2]). Substituting the above vacuum solution into Eq. (7) yields B0(r) = k0 (−Λr2 + C)
where k0 is a positive integration constant which can be absorbed into a redefinition of time.
We therefore obtain
B0(r) = −Λr2 + C = A0(r) . (15)
In the presence of matter (the vortex), as r → R, where R is the computational boundary
representing formally infinity, we have that f → v and a → n. Using again Eq. (11), the
asymptotic form of the metric function A(r) in the presence of matter is
A(R) = −ΛR2 +D (16)
where the constant D differs from the constant C in (14). In the next section we will express
the mass (ADM mass) of the vortex in terms of A0(R) and A(R).
Using (7) we obtain B(R) = k A(R) where the positive integration constant k can no longer
be fully absorbed into a redefinition of time (since that has already been done once with the
constant k0). Therefore, in the presence of matter, at large radius R, we have that B(R) is
proportional to A(R) but not equal to it.
3 ADM mass and its representation as an integral over matter
3.1 ADM mass
The spacetime is asymptotically AdS3, a maximally symmetric spacetime with isometry group
SO(2, 2). It clearly has a timelike Killing vector since no metric components has a dependence
on time. The notion of a conserved energy (the ADM mass) should therefore clearly apply
to matter embedded in AdS3. Maximally symmetric spacetimes can be viewed as the ground
states of General Relativity [9] so that it is reasonable to set their energy to be zero. This
requires one to subtract out from the Hamiltonian the contribution of the background. This
subtraction mechanism is already implemented in the usual formulation of the ADM mass
because Minkowski spacetime by itself would otherwise contribute a divergent energy [10]. We
can therefore calculate the ADM mass using one of its typical forms [10] suitably generalized
to 2 + 1 dimensions
M = −2α lim
Ct→R
∮
Ct
(k − k0)
√
σN(R)dθ (17)
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where Ct is the circle at spatial infinity (i.e. the computational boundary r = R), N(R) =
[B0(R)]
1/2 = [A0(R)]
1/2 is the lapse, σAB is the metric on Ct, k is the extrinsic curvature of
Ct embedded on the two-dimensional spatial surface obtained by setting t to be constant in
(3) and k0 is the extrinsic curvature of Ct embedded in the two-dimensional spatial surface of
AdS3. A simple calculation yields
k =
[A(R)]1/2
R
; k0 =
[A0(R)]
1/2
R
and
√
σ = R . (18)
The ADM mass is then given by
M = 4piα
(
A0(R)− [A0(R)A(R)]1/2
)
. (19)
As a simple check, if A(R) = A0(R) then M = 0 so that empty AdS3 space has zero mass, the
expected and desired result. We can simplify the above formula. From Eqs. (14) and (16) we
have that A(R) = −ΛR2 + D = A0(R) + (D − C). At large R, A0(R) >> (D − C) so that
a binomial expansion of [A0(R)A(R)]
1/2 at large R yields A0(R) +
1
2
(D − C). We therefore
obtain that M = 2piα (C − D). The final expression for the mass in an AdS3 background is
then
MAdS3 = 2piα (A0(R)−A(R)) . (20)
Note that we recover the BTZ black hole spacetime asymptotically. In the BTZ literature [2,3],
α is set to 1/(2pi) and C to zero. We then obtain D = −M so that A(R) = −ΛR2 −M and
B(R) = k A(R) which represents the BTZ black hole spacetime asymptotically (the presence
of the positive constant k in B(R) has no effect on the spacetime: all curvature scalars are
independent of k).
The value of A0(R) = −ΛR2 + C can be calculated analytically for a given R. As mentioned
earlier, in our work we set C = 1 = A0(0). The value of A(r) at r = 0 is not determined by the
equations of motion; it is an initial condition. Since A(r) must reduce to A0(r) in the absence
of matter, their values must match at the origin. We therefore have A(0) = A0(0) = C = 1.
The quantity A(R) is then obtained by solving the equations of motion numerically and the
mass M obtained via Eq.(20). One has reached a large enough value of R when the matter
functions f(r) and a(r) reach a nice plateau at the values of v and n respectively and the mass
M is stable i.e. that in reducing R in the plateau region, A0(R) and A(R) change but not the
value of M .
The ADM mass formula (19) applies to asymptotically flat spacetime where Λ = 0. In that
case we obtain A0(R) = C and A(R) = D so that
Mflat = 4piα
(
C − (C D)1/2
)
= 4piα
(
1−D1/2
)
(21)
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where we used C = 1. In asymptotically flat spacetime, A0(r) = B0(r) = 1 (stays constant
for all r) whereas A(r) starts at unity at r = 0 and then decreases with r until it reaches a
plateau at a positive value of D that is less than unity. The value of D is obtained numerically.
Note that formula (21) is in agreement with the angular deficit expected to be produced by
localized sources in a 2 + 1 dimensional asymptotically flat spacetime [1]. Replacing α by
1/(16piG), formula (21) reads D1/2 = 1− 4GMflat which is nothing other than the parameter
“α” (not related to our α) found in [1] that determines the angular deficit i.e. if we work in
new coordinates (r′, θ′) where r′ = r/D1/2 and θ′ = D1/2θ the two-metric asymptotically takes
the flat form dr′2 + r′2 dθ′2 with θ′ ranging from 0 to 2piD1/2 so that there is an angular deficit
of
δ = 2pi(1−D1/2) . (22)
The mass with no gravity in asymptotically flat spacetime, Mno−gravity, cannot be obtained
from comparing two metrics because in this case the metric is fixed throughout to be Minkowski
spacetime. However, we derive an integral mass formula for Mno−gravity in Appendix A by
taking the limit as α→∞ of Mflat. The results are reported in the next section.
3.2 Integral mass formulas
The second and third equations of motion (12) and (13) can be solved for A(r) in terms of
matter fields. This can then be substituted into the first equation (11) to obtain A′(r) in term
of matter only (see Appendix A). One then obtains the following integral representation for
the ADM mass (20) of a vortex embedded in an AdS3 background
MAdS3 = I (23)
where I is given by (A.6)
I =
pi
2e2
∫ R
0
1
r
[
e2r2v4λ+ 2e2
(
n2 − r2v2λ− 2na+ a2) f2 + e2r2λf4 (24)
+
2
r (2a′f ′ − rf ′a′′ + ra′f ′′)
(
n2fa′ − r2v2λfa′ − 2nafa′ + a2fa′
+ r2λf3a′ + e2nr2f2f ′ − e2r2af2f ′
) (
a′2 + e2r2f ′2
) ]
dr .
Note that I does not make any reference to metrics, Newton’s constant or the cosmological
constant. It is an integral that is purely over the matter field profiles.
For a vortex under gravity in an asymptotically flat spacetime the integral representation for
the ADM mass (21) is given by (A.7)
Mflat = 4piα
(
1−
√
1− χ
)
(25)
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where
χ =
I
2piα
. (26)
I is the integral given by (24). So χ is an integral over matter field profiles just like I except
that it has a dependence on α.
Solving the equations of motion numerically yields the metric and matter field profiles. We
can evaluate MAdS3 and Mflat in two ways: using the metrics or using the matter. In the
first method, we extract the asymptotic value of the metric in vacuum and the metric with
matter and use the ADM mass formulas (20) and (21) respectively. In the second method one
substitutes the matter field profiles into the integral mass formulas (23) and (25) respectively.
The two methods must match and this provides a good check on our numerical results.
The first method of extracting values from two separate metrics does not work for the case
with no gravity because it takes place in a fixed Minkowski spacetime. However, by taking the
limit as α→∞ of Mflat one can derive an integral mass formula that works perfectly well in
this case (see Appendix A). The mass of the vortex without gravity given by (A.8) is
Mno−gravity = I (27)
where I given by (24) is the same integral that we already encountered for MAdS3 . Even
though we evaluate MAdS3 and Mno−gravity using the same integral mass formula, the matter
field profiles for a vortex under gravity in an AdS3background will clearly differ from those of
a vortex with no gravity in a fixed Minkowski spacetime, leading naturally to different masses.
It is worth noting that in texts that discuss the vortex in fixed Minkowski spacetime (no
gravity) they derive from the Hamiltonian an integral expression for the energy of the vortex
(label it Ino−gravity). However, its integrand looks quite different from that of I given by (24).
Of course, the two formulas should yield the same mass for the no gravity case and they do. In
Appendix B, using the equations of motion for the no gravity case, we show that the integral I
can be transformed into the integral Ino−gravity. It is important to note that I and Ino−gravity
are not equal at a purely mathematical level. They can be shown to be equal only when the
equations of motion for the no gravity case are used. In particular this means that I (and not
Ino−gravity) should be used to calculate the mass for the case of an AdS3 background.
We can rewrite the integral I given by (24) in a convenient form that reveals more clearly its
dependence on the VEV of the scalar field v and the winding number n. Since f(r) and a(r)
plateau at v and n respectively we can write f(r) = v f1(r) and a(r) = na1(r) where f1(r)
and a1(r) will always reach asymptotic values of (plateau at) unity. Define u =
e v
n r. Then
a′(r) = e va′1(u), a′′(r) =
e2 v2
n a
′′
1(u), f
′(r) = e v
2
n f
′
1(u), f
′′(r) = e
2 v3
n2
f ′′1 (u) and dr = ndu/(ev).
Derivatives on functions with subscript ‘1’ are with respect to u. Substituting this into (24)
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yields
I = n2v2F
( λ
e2
)
(28)
where the integral F is given by
F
( λ
e2
)
(29)
=
pi
2
∫ R1
0
1
u
[
u2
λ
e2
+ f41u
2 λ
e2
+ 2f21
(
(−1 + a1)2 − u2 λ
e2
)
+
2f1
(
(a′1)2 + (f ′1)2u2
)(
(1− a1)f1f ′1u2 + a′1
(
(−1 + a1)2 + (−1 + f21 )u2 λe2
))
u(2a′1f ′1 − a′′1f ′1u+ a′1f ′′1 u)
]
du . (30)
Here R1 =
e v
n R and F is a function of λ/e
2 and a functional of the matter profiles f1(u) and
a1(u). The formula (28) does not necessarily imply that I grows exactly quadratically with v
and n because the matter profiles that appear in F change with v and n. However, since f1(u)
and a1(u) always plateau to unity, their change in profile is expected to be limited so that I
should still increase significantly if, for example, we double v or n. This is what is observed
numerically.
4 Numerical results
We solve the three equations of motion (11), (12) and (13) numerically for the non-singular
profiles of the scalar field f(r), the gauge field a(r) and the metric A(r) using a negative
cosmological constant Λ (AdS3 background). We have the following boundary conditions:
f(0) = 0 ; a(0) = 0 ; f(R) = v ; a(R) = n ; A(0) = 1 (31)
where R is the computational boundary representing formally infinity. The quantity v is the
VEV of the scalar field and n is the winding number of the vortex. A(0) = 1 is an initial
condition at r = 0 that is in accord with setting C = 1 in the vacuum solution A0(r) given
by (14). We obtain the profiles by adjusting f ′(r) and a′(r) near the origin to give the final
boundary conditions at R where both f and a plateau to their respective values.
4.1 Preliminary analytical results
Before presenting the numerical results, it is worthwhile to extract a few analytical results
from the equations of motion.
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4.1.1 Analytical behaviour of f(r) and a(r) near the origin
We require that at the origin r = 0, f(0) = 0 and a(0) = 0. If we linearize equation (12) about
f = 0 we obtain that near the origin f(r) = b rn where n is the winding number and b is a
positive constant. This implies that near the origin f ′(r) = b nrn−1 so that for n = 1, f ′(0) = b
and for n > 1, f ′(0) = 0. So for n = 1, f(r) has a positive slope at r = 0 whereas it starts
off flat for any higher winding number. This is what is observed numerically. If we linearize
(13) about a = 0 we obtain a(r) = c r2 where c is some positive constant. This implies that
a′(0) = 0 so that the profile always starts out flat. Again, this is what is observed numerically.
4.1.2 Analytical expression for the cosmological constant
The matter fields a and f reach asymptotic values of n and v respectively. At large r we can
write a(r) = n− (r) and f(r) = v−σ(r) where  and σ are small perturbations that approach
zero asymptotically. Substituting these expressions into equation (13) and keeping only terms
linear in  and σ yields the following differential equation: e2v2 + Λr′ + Λr2′′ = 0 where
Λ has been assumed to be non-zero. This has a power law fall off solution  = b/rq where
b and q are positive constants. Substituting this solution into the differential equation yields
e2v2 − Λq + Λq(q + 1) = 0 with solution
Λ = −e
2 v2
q2
(32)
an analytical expression for the cosmological constant in terms of the power q. The important
thing here is that Λ is negative; this implies that in 2+1 dimensional Einstein gravity there are
no de Sitter vortices just like there are no de Sitter black holes. In contrast, de Sitter Einstein-
Yang-Mills-Higgs magnetic monopoles exist in 3 + 1 dimensions [12]. The above derivation
assumed Λ 6= 0. There are of course vortices in asymptotically Minkowski spacetime (Λ = 0)
which we consider later.
When we solve the equations of motion numerically, the parameters e, v and Λ are given.
Equation (32) can then be used to solve for q to predict how a approaches n asymptotically:
q =
e v
(−Λ)1/2 . (33)
We can verify the above equation with our numerical results (this is done near the end of the
next subsection.)
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4.2 Numerical results for AdS3 background
For an AdS3 background, there are six parameters in our numerical simulations: λ, α, e, n, v
and Λ. We set λ = 1, α = 1 and e = 3. We ran numerical simulations for five different cases
determined by the values of the three parameters (n, v, Λ). The five cases are I=(1,1,-1),II=
(1,1,-2),III=(1,1,-3), IV=(1,2,-2) and V=(2,1,-2).
We calculate the mass of the vortex in two ways: first, using the metric together with Eq. (20)
and second, inserting the matter profiles into integral (23). The masses are listed in Table 1
and labelled Mmetric and Mintegral respectively. The two values match to within two or three
decimal places. We know we have reached a large enough R value when the mass is stable (i.e.
when we take values of the functions in the plateau region at a radius r much less than R and
the mass remains the same). In all cases R = 10 sufficed.
For each of the five cases we plot in figures 1 to 5 below the following functions: the matter
functions f and a, the metric functions A and B and the Ricci scalar R. In all cases, the metric
functions A(r) and B(r) are positive throughout so that there is no event horizon. From the
Einstein field equations in 2 + 1 dimensions, we expect R to plateau at its vacuum value of
6Λ which is what is observed. We also plot the metric function A near the origin. This is to
demonstrate that near the origin and hence in the core of the vortex, A will depart from its
“asymptotic” r2 dependence. This is particularly pronounced in cases IV and V where A dips
significantly below unity near the origin while remaining positive. For these two cases, near
the core of the vortex, the metric looks nothing like the BTZ black hole metric. The caption
for each of the five figures contains pertinent information besides what we mention below in
the text.
Cases I, II and III have the same value of n = 1 and v = 1 but differ in their value of Λ
which are −1, −2 and −3 respectively. In Table 1, the mass increases as one goes from case
I to case III. The vortex is also more compressed when Λ is more negative; the value of r
at which f(r) reaches 0.9 are 1.07, 0.92 and 0.83 respectively so that the core of the vortex
gets progressively smaller as Λ becomes more negative. When matter is compressed it usually
gains positive energy so that it makes sense that the mass has increased.
The mass M = 6.53 of case IV which has v = 2 and the mass M = 7.14 of case V with n = 2 is
significantly greater than the mass M = 2.93 of case II (which has two parameters in common
with case IV and case V separately). This is in accord with the n2v2 coefficient in the integral
mass formula (28). Here case IV and case V are 2.22 and 2.44 times more massive than case
II. As already pointed out at the end of section 3.2, it is not four times greater because the
matter profiles f1 and a1 that enter (28) change with v and n.
We now check how well equation (33) matches the numerical results. We label the q appearing
in (33) as qpredicted. For cases I to V we obtain (quoting numbers sequentially) qpredicted =
12
[3, 2.12, 1.73, 4.24, 2.12]. By taking points asymptotically from the profile of a for each of the
five cases and assuming the power law fall off  = b/rq, we can extract qnumerical. The values
are qnumerical = [2.84, 2.03, 1.68, 4.11, 2.06]. We can see that the numbers match quite well
(all less than 5.7% difference) so that formula (33) is a reliable predictor of how a behaves
asymptotically.
        
Figure 1: Case I: n = 1, v = 1 and Λ = −1. The matter functions f and a plateau at their
respective values of v = 1 and n = 1. The metric functions A and B are positive throughout
and hence there is no event horizon (this fact will be true of the next four figures so we will
not repeat it later). The Ricci scalar plateaus at −6 which agrees with the expected 6Λ. The
numerical value of the metric function A at R = 10 is 100.588 while the value of A0 at R = 10
can be evaluated analytically via −Λr2 + 1 and yields 101. The mass obtained from (20) is
then M = 2piα(101− 100.588) = 2.589 where α = 1 was used. The integral mass formula (23)
for the matter profiles plotted here yields M = 2.587. The two masses agree to within two
decimal places. We will not repeat the mass calculation in the captions of the next four cases
as it is a similar calculation. The mass results of all five cases are summarized in Table 1.
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 Figure 2: Case II: n = 1, v = 1 and Λ = −2. The Ricci scalar plateaus at −12 which agrees with
the expected 6Λ. The core of the matter profile f is smaller (the vortex is more compressed)
than in case I and its mass is greater.
 
Figure 3: Case III: n = 1, v = 1 and Λ = −3. The Ricci scalar plateaus at −18 in agreement
with the value 6Λ. The matter profile f here is more compressed (the core is smaller) than in
the two previous cases and it has the greatest mass of the three.
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 Figure 4: Case IV: n = 1, v = 2 and Λ = −2. This case differs from the previous three
because v = 2 instead of v = 1 (hence f plateaus at 2). The mass of the vortex is considerably
greater now compared to the previous three cases (see Table 1 of values) which reflects the v2
dependence of the integral mass formula (28). There is a significant dip in the metric A near
the origin while it remains positive (no horizon). This reflects a significant departure of the
metric near the vortex from its asymptotic BTZ black hole form (which has an r2 dependence).
(n,v,Λ) A0[10] A[10] Mmetric Mintegral 
I=(1,1,-1) 101 100.588 2.589 2.587 
II=(1,1,-2) 201 200.534 2.928 2.931 
III=(1,1,-3) 301 300.489 3.211 3.210 
IV=(1,2,-2) 201 199.961 6.529 6.529 
V=(2,1,-2) 201 199.863 7.142 7.142 
 
Table 1: Table with values of the metric A0 and A at r = 10, Mmetric evaluated using A0 and
A in Eq. (20) and Mintegral evaluated using the integral mass formula (23). The two masses
match (agree to two decimal places and sometimes at three decimal places).
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 Figure 5: Case V: n = 2, v = 1 and Λ = −2. This case differs from all four previous cases
because the winding number is now n = 2 instead of n = 1 (the function a plateaus at 2 now).
It is the most massive case (considerably more than the first three cases and still greater than
the v = 2 case). This reflects the n2 dependence of the integral mass formula (28). Again,
there is a significant dip in the metric A near the origin while it remains positive (no horizon).
Near the core of vortex, the metric departs significantly from its asymptotic BTZ black hole
form.
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4.3 Numerical results for Minkowski background
In this subsection we consider vortices under Einstein gravity in 2 + 1 dimensions in an
asymptotically Minkowski spacetime (Λ = 0). Besides the standard vortex without gravity
(fixed Minkowski spacetime) we considered three cases under gravity with different parameters
α = 1/(16piG).
In the no gravity case, where the metric is fixed, we only have the profiles of f and a to plot.
Even though its metric is fixed, via a limiting procedure, we were able to obtain the integral
mass formula (27) where I is given by (24). The equations of motion are (it is worth rewriting
them for the no gravity case as they simplify considerably)
rf
(
−(n− a)
2
r2
+ λ
(
v2 − f2))+ f ′ + rf ′′ = 0 (34)
e2r(n− a)f2 − a′ + ra′′ = 0 . (35)
We solve the above equations numerically with the same boundary conditions as (31) (except
that A(0) = 1 is not used since the metric function A(r) does not appear in the equations
of motion). The plots (figure 6) are below (the parameters used are e = 1, λ = 1, v = 1
and n = 1). The mass evaluated by inserting the profiles of f and a below into (27) yields
Mno−gravity = 3.634. Inserting the same profiles into the standard integral Ino−gravity given by
(B.1) yields exactly the same value of 3.634.
For the case of the vortex under gravity in a Minkowski background we solve the equations of
motion (11), (12) and (13) numerically with the boundary conditions (31). The parameters
used are: e = 1, λ = 1, v = 1, n = 1 and Λ = 0. We considered three separate cases:
α = 1, α = 5 and α = 10. For each of the three cases we plot the metric function A, the Ricci
scalar R, the metric function B and the matter functions f and a. These appear in figures 7, 8
and 9 respectively. Table 2 contains the values of D where the metric function A plateaus, the
angular deficit δ calculated using (22) and converted in degrees, and the masses of the vortex
calculated using the metric (Eq. (21)) and the matter profiles (Eq. (25). The mass of the
vortex hardly changes with α and hardly differs from the case with no gravity. However, the
value of D changes with α. This results in an asymptotic conical spacetime where the angular
deficit δ increases significantly as α decreases. There is no singularity at the origin and the
Ricci scalar reaches its highest value there before it decreases asymptotically to zero. The value
of the Ricci scalar at the origin changes significantly with α: it is highest at α = 1 (R=1.065)
and lowest at α = 10 (R=0.115). We therefore have a smooth spacetime that transitions from
a region with curvature at the origin and near the core of the vortex to an asymptotically flat
conical spacetime with angular deficit. The curvature at the origin and the angular deficit are
highest at α = 1 and basically five and ten times smaller at α = 5 and α = 10 respectively.
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Figure 6: Vortex with no gravity in a fixed Minkowski spacetime. The profiles of f and a are
used to evaluate the mass.
 D 𝛿𝛿  Mmetric Mintegral 
𝛼𝛼 = 1 0.501 105.2 deg 3.672 3.674 
𝛼𝛼 = 5 0.887 20.9 deg 3.643 3.643 
𝛼𝛼 = 10 0.943 10.4 deg 3.638 3.638 
 
Table 2: The quantity D is where the metric function A(r) plateaus to asymptotically and δ is
the angular deficit quoted in degrees and evaluated using (22). The mass Mmetric is obtained
using the metric and calculated via (21) and Mintegral is evaluated via (25) as an integral over
the matter profiles. The two masses should match and they do. The angular deficit has a
strong dependence on α: it basically increases tenfold from α = 10 to α = 1. In contrast, the
mass of the vortex hardly changes with α and is not very different from the mass in the no
gravity case.
18
               
             
Figure 7: Case α = 1 in asymptotically Minkowski spacetime. This is the case with the
strongest gravitational coupling of the three. The Ricci scalar has the highest initial value of
the three cases and the metric function A plateaus to the lowest value of D leading to the
highest angular deficit. The mass is not too different from the other two cases or from the no
gravity case. See Table 2 for values.
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Figure 8: Case α = 5. The Ricci scalar at the origin and the angular deficit is basically five
times less than in the α = 1 case. The mass is comparable to the other cases.
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     Figure 9: Case α = 10. This is the case with the weakest gravitational coupling where the
initial value of the Ricci scalar and the angular deficit are the smallest (basically 10 times
smaller than in the α = 1 case). The mass is again comparable to the others.
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5 The logarithmic divergence in the absence of gauge fields: a
new look
Without gauge fields, it is well known that the vortex has a logarithmic divergence in its
energy [11]. This problem does not go away in the presence of gravity. We will show this by
looking at the form of the metric itself. We will see that the metric acquires a logarithmic
term which directly implies that the ADM mass diverges. However, the logarithmic term can
now be viewed as the realization of the Newtonian gravitational potential in 2 + 1 dimensions.
If there are no gauge fields, we set a = 0 identically. The vacuum metric is then obtained by
setting f = v identically and n = 0 in equation (11). This yields A′(r) = −2Λr with solution
A0(r) = −Λr2 + C (36)
which is the same vacuum metric we had obtained before with C an integration constant. Now
consider the case where n 6= 0, a = 0 identically and f → v asymptotically. Substituting this
into (11) yields asymptotically A′(R) = −2ΛR− n2 v22αR with solution
A(R) = −ΛR2 − n
2v2
2α
ln(R) +D (37)
where D is an integration constant. The logarithmic term in the metric implies immediately
that the energy (the ADM mass) diverges logarithmically.
Replacing α by 1/(16piG) the logarithmic term takes the form Gm ln(R) with m = 8pin2v2.
This is nothing other than the Newtonian gravitational potential in 2 + 1 dimensions with
mass parameter m proportional to n2v2, the same mass dependence we encountered previ-
ously. It would be interesting to know whether one can generate a finite energy vortex with
logarithmic Newtonian potential when General Relativity is supplemented with a scalar field
and appropriate potential. We discuss this further in the conclusion.
6 Conclusion
In this work, we obtained numerical solutions of non-singular vortices of positive mass in 2 + 1
dimensional Einstein gravity in both an AdS3 and Minkowski background. We obtained the
scalar and gauge matter profiles as well as the metric profiles for different cosmological constant
Λ, winding number n and VEV v. The metric is always positive and there is no event horizon,
so that in contrast to previous work [4], these are not black hole vortex solutions. We derived
two different ways to calculate the mass: one using the metrics and one using an integral
over the matter profiles. We observed that the vortices increased in mass and became more
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compressed (core radius smaller) as the cosmological constant became more negative. This
makes sense since an object which becomes compressed usually gains positive energy. The
cases with n = 2 and v = 2 differed from their n = 1 and v = 1 counterparts in two regards.
First, they had significantly higher masses reflecting the quasi-dependence of the integral mass
formula on n2 v2 (“quasi” because as explained at the end of section 3.2 this dependence is not
exact). Secondly, the metric function A(r) near the origin had a significant dip below unity
(while remaining positive) with a significant departure from its asymptotic r2 dependence. In
other words, near the origin and hence the core of the vortex, the metric looks nothing like the
BTZ black hole metric.
We showed that the cosmological constant must be negative or zero, which implies that de
Sitter vortices, just like de Sitter black holes, do not appear to exist in 2 + 1 dimensional
Einstein gravity. Note that de Sitter black holes exist in BHT massive gravity [8] which also
takes place in 2 + 1 dimensions. This hints at the possibility that BHT massive gravity might
support de Sitter non-singular vortices, something that is worth investigating.
We then considered vortices under gravity in asymptotically Minkowski spacetime (Λ = 0) for
different values of the parameter α. This leads to an asymptotic conical spacetime with angular
deficit δ = 2pi(1−D1/2) where D is where the metric function A(r) plateaus asymptotically. As
one approaches the origin, there is no singularity and the curvature approaches its highest value.
We therefore obtain a smooth spacetime with curvature at the origin and near the core of the
vortex, that gradually becomes a flat conical spacetime with angular deficit δ asymptotically.
The Ricci scalar at the origin and the angular deficit basically increase tenfold from α = 10
to α = 1. For the case of a vortex in fixed Minkowski spacetime (no gravity), we could not
obtain the mass using the first method of subtracting two metrics. However, remarkably, we
were still able to extract an integral mass formula for it via a limiting procedure. The mass of
the vortex with no gravity and the masses of the vortices for all three different α values, were
hardly different from each other (maximum of 1% difference).
We showed that the logarithmic divergence in the energy of the vortex without gauge fields
persists in the presence of gravity. However, with gravity, we approached this issue in a new
light by looking at the metric instead of the energy integral formula. What we find is that
asymptotically, the metric acquires a logarithmic term of the form Gm ln(R), which looks like
the 2 + 1 dimensional Newtonian gravitational potential with mass parameter m. It turns out
that m is proportional to n2v2, a product we previously saw in our integral mass formulas. This
leaves us with a very important question: can we realize the Newtonian gravitational potential
in 2 + 1-dimensional General Relativity by supplementing it with a scalar field and potential
and choosing a certain profile that leads to finite energy vortices with mass proportional to
n2v2? One possible insight, stemming from the work in [4], is that the scalar field can have an
asymptotic value of zero even though this is not the minimum of the potential V (|φ|) (i.e. the
extremum that preserves the U(1) symmetry in contrast to the symmetry breaking minimum).
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What matters is that it satisfies the weaker BF bound m2 L2 ≥ −(d−1)2/4. Here m2 = V ′′(0)
where the derivatives are with respect to |φ|, L is the AdS length and d is the number of
spacetime dimensions. In our work, d = 3, L2 = −1/Λ and V (f) = λ4 (f2 − v2)2 so that
V ′′(0) = −λv2. The BF bound then reads λv2Λ ≥ −1. This is already satisfied with some of
the parameters we have used in this work (e.g. λ = 1, v = 1 and Λ = −1 saturates the bound,
while λ = 1, v = 1 and Λ = −2 clearly satisfies the bound). This implies that it is worth
investigating what happens (in the absence of gauge fields) when the profile of f(r) starts
initially at the VEV v and then asymptotically approaches zero. A quick preliminary analysis
shows that near r = 0 there would be a logarithmic dependence with coefficient proportional
to n2v2 (leading probably to a singularity in the spacetime) but not necessarily a long range
logarithm so that the energy might in the end turn out to be finite. This and related scenarios
look therefore promising and worth studying in more depth to determine if they are viable
options.
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A Integral mass representation
In this section we derive an integral expression over purely matter fields for the ADM mass
given by (20) and (21) for an AdS3 and flat background respectively. The equations of motion
(12) and (13) both contain the functions A(r) and A′(r) plus matter fields. Substituting A′(r)
from one equation into the other, we can solve for A(r) in terms of the matter fields. This
yields
A(r) =
n2fa′ − r2v2λfa′ − 2nafa′ + a2fa′ + r2λf3a′ + e2nr2f2f ′ − e2r2af2f ′
r (2a′f ′ − rf ′a′′ + ra′f ′′) . (A.1)
Substituting A(r) above into (11) and solving for A′(r) yields
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A′(r) = −2Λr + 1
4e2rα
[
− e2r2v4λ− 2e2 (n2 − r2v2λ− 2na+ a2) f2 − e2r2λf4 (A.2)
− 2
r (2a′f ′ − rf ′a′′ + ra′f ′′)
(
n2fa′ − r2v2λfa′ − 2nafa′ + a2fa′
+ r2λf3a′ + e2nr2f2f ′ − e2r2af2f ′
) (
a′2 + e2r2f ′2
) ]
Integrating the above from 0 to the computational boundary R yields
A(R) = −ΛR2 + C − χ = A0(R)− χ (A.3)
where C = A(0) = A0(0) (which we set to unity in this work) and
χ =
1
4e2α
∫ R
0
1
r
[
e2r2v4λ+ 2e2
(
n2 − r2v2λ− 2na+ a2) f2 + e2r2λf4 (A.4)
+
2
r (2a′f ′ − rf ′a′′ + ra′f ′′)
(
n2fa′ − r2v2λfa′ − 2nafa′ + a2fa′
+ r2λf3a′ + e2nr2f2f ′ − e2r2af2f ′
) (
a′2 + e2r2f ′2
) ]
dr .
The ADM mass in an AdS3 background, given by (20) is
MAdS3 = 2piα[A0(R)−A(R)] = 2piαχ = I (A.5)
where I is given by
I =
pi
2e2
∫ R
0
1
r
[
e2r2v4λ+ 2e2
(
n2 − r2v2λ− 2na+ a2) f2 + e2r2λf4 (A.6)
2
r (2a′f ′ − rf ′a′′ + ra′f ′′)
(
n2fa′ − r2v2λfa′ − 2nafa′ + a2fa′
+ r2λf3a′ + e2nr2f2f ′ − e2r2af2f ′
) (
a′2 + e2r2f ′2
) ]
dr .
Note that α has cancelled out in I. Therefore MAdS3 = I is expressed as an integral over
matter profiles with no reference to metrics, Newton’s constant or the cosmological constant.
For a vortex under gravity in asymptotically flat spacetime (Λ = 0) we have from (16) that
A(R) = D and from (14) that A0(R) = C = 1. From (A.3) we obtain that D = 1 − χ.
Substituting this into (21) we obtain the integral mass representation
Mflat = 4piα
(
1−
√
1− χ
)
(A.7)
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where the integral χ is over matter profiles and given by (A.4). Note that Mflat depends on
α in contrast to MAdS3 . To obtain the mass for the case of a vortex with no gravity (i.e. fixed
Minkowski spacetime) we take the limit of Mflat as α→∞. This yields
Mno−gravity = lim
α→∞ 4piα[1− (1− χ/2 + ...)] = 2piαχ = I (A.8)
where in the above binomial expansion higher order terms denoted by the ellipsis make zero
contribution in the limit α→∞. Therefore Mno−gravity is evaluated using the same integral I
as MAdS3 .
We end this appendix by rewriting the integral I given by (A.6) in a convenient form that
reveals its dependence on v2 and n2. f(r) and a(r) reach asymptotically (plateau at) v and
n respectively. We therefore can write f(r) = v f1(r) and a(r) = na1(r) where f1(r) and
a1(r) both reach asymptotic values of unity. Define u =
e v
n r. Then a
′(r) = e va′1(u), a′′(r) =
e2 v2
n a
′′
1(u), f
′(r) = e v
2
n f
′
1(u), f
′′(r) = e
2 v3
n2
f ′′1 (u) and dr = ndu/(ev). Derivatives on functions
with subscript ‘1’ are with respect to u. Substituting this into the integral I yields
I = n2v2F
( λ
e2
)
(A.9)
where the integral F is given by
F
( λ
e2
)
(A.10)
=
pi
2
∫ R1
0
1
u
[
u2
λ
e2
+ f41u
2 λ
e2
+ 2f21
(
(−1 + a1)2 − u2 λ
e2
)
+
2f1
(
(a′1)2 + (f ′1)2u2
)(
(1− a1)f1f ′1u2 + a′1
(
(−1 + a1)2 + (−1 + f21 )u2 λe2
))
u(2a′1f ′1 − a′′1f ′1u+ a′1f ′′1 u)
]
du (A.11)
where R1 =
e v
n R. Here F is a function of λ/e
2 and a functional of the matter profiles f1(u)
and a1(u).
B Equivalence of two integrals for the no gravity case
In textbooks that discuss the vortex in fixed Minkowski spacetime (e.g. [11]), the mass is given
by
Ino−gravity = pi
∫ R
0
[(a′)2
e2 r
+ r (f ′)2 +
(n− a)2 f2
r
+
λr
2
(f2 − v2)2
]
dr (B.1)
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This looks different from I given by (A.6). We now show using the equations of motion for
the no gravity case i.e.
rf
(
−(n− a)
2
r2
+ λ
(
v2 − f2))+ f ′ + rf ′′ = 0 (B.2)
e2r(n− a)f2 − a′ + ra′′ = 0 (B.3)
that the two are equivalent. Solving for f ′′ and a′′ we obtain
f ′′ =
n2f − r2v2λf − 2naf + a2f + r2λf3 − rf ′
r2
(B.4)
a′′ =
−e2nrf2 + e2raf2 + a′
r
. (B.5)
Substituting f ′′ and a′′ above into the quantity
(n2fa′ − r2v2λfa′ − 2nafa′ + a2fa′ + r2λf3a′ + e2nr2f2f ′ − e2r2af2f ′)
r (2a′f ′ − rf ′a′′ + ra′f ′′) (B.6)
that appears in the integral (A.6) yields unity. The integral I then reduces to
pi
2e2
∫ R
0
1
r
[
e2r2v4λ+ 2e2
(
n2 − r2v2λ− 2na+ a2) f2 + e2r2λf4 + 2 (a′2 + e2r2f ′2) ] dr
= pi
∫ R
0
[(a′)2
e2 r
+ r (f ′)2 +
(n− a)2 f2
r
+
λr
2
(f2 − v2)2
]
dr
= Ino−gravity . (B.7)
We therefore see that the two integrals are equivalent in the case of no gravity.
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